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An approximate method of solving certain problems of the theory of thin
plates and shells is developed in the following; it is called here the
"method of resolution".

The operators of the equations involved are resolved, by introducing
so-called connecting functions, in such a manner that the knowledge of
these functions may lead to a comparatively simple solution of the prob-
lem. The problem reduces to the determination of the functions indicated
from the condition of equivalence of the original problem with the re-
solved one; this determination is carried out with the aid of the method
of Ritz. Such a method of resolution permits the equations of the theory
of thin shells, referred to the principal curvature lines of the middle
surface, to be subdivided into two systems of ordinary differential equa-
tions, each referred to one of the two principal curvatures, respectively.
The obtained equations are treated as equations for displacements and
slopes of two groups of curved bars extending, respectively, along the
two principsl curvatures of the middle surface of the shell.

1. Essence of the method of resolution. In order to explain the method
under consideration we shall discuss here a special case. Suppose a
certain domain {} and its boundary S are prescribed. It is required to
find a definite function u(P) of the point P, differentiable a necessary
number of times and satisfying the differential equation

Au = {(P) (11
in the domain Q and boundary conditions of the form
Fj L= gj (P) (32 1,..71) (12}

along the boundary S. The notations used here are as follows: A repre-
sents a linear differential operator; f(P) is a function prescribed in
Q; I'; are linear, generally speaking, differential operators; gj(P) are
funct{ons prescribed along S.
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Method of resolution in the theory of shells 1377

Assume that the operator A can be resolved into some simpler linear
operators having a sum equal to A and that each of the operators can be
inverted comparatively simply; assume, furthermore, that the correspond-
ing resolution of the boundary conditions (1.2), related to the resolu-
tion of the operator A4, is possible as well. In order to simplify the
following presentation we assume A = A1 + Az' which in connection with
(1.1) leads to

A = f1 (P), A = —f, (P) + f (P) (1.3)

The function f;(P), which we shall call the connecting function, nust
be determined from the condition of equivalence of the original and the
resolved equations. This condition consists in the case under considera-
tion of the equality of the functions u(P), appearing in both equatioms
(1. 3).

For the determination of fl(P) we use the direct method. To this end
we choose a complete sequence (¢n) of linearly independent coordinate
elements in the Hilbertian functional space Lz(Q) and we prescribe an
approximation for f,(P) in the form

fin(P)=a19y (P) + ...+ a,9, (P) (1.4)

Then, inverting the operators A; and 4, in (1.3), we obtain
n n
M = A Yy (P) = Doy, Uy =— A7V (P) + A5 (P) = usg— N\ a4ty (1.5)
k=1 k=1
where
ugy = Ay f (P), up = A (P), Uy = Ay '@y (P) (1.8)

The function u), satisfies the part of the boundary conditions (1.2)
which is associated with the operator Ay; the function Uy p satisfies
the boundary conditions which are agsociated with the operator Ay. Ve
introduce the notations

n
Vn =ty — Uy = —up + kz Vi V= Uyt Uy, (1.7
=1
We shall consider the quantity ¢h as an error function of the approxi-
mate solution, while the norm of the element ,, denoted by || ¥, ||, wil)
be used as a measure of the error; an expedient procedure for determina-
tion of the constants a, [1] is then based upon the condition that
I ¢h‘l2 assumes its minimum value. We determine the metric of the
Hilbertian space under consideration by the formula

1on = V¥, ¥,]
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and the quantity [¢h' ¢% ] by one of the following formulas:

(\pnv ‘pn) ’ (Alpnr 'lpn) ’ (Aq]n N A’lpn) ('1 . 8)

The use of the second scalar product (1.8) is possible when the oper-
ator A is positive. From the condition that || ¢, || * assume its minimum
value we then are able to derive a system of linear algebraic equations
for the constants ap:

n
Z ay [V 0] = (620, 7)) (m=1,....n) (1.9
k=1

The system (1.9) always admits a solution if the elements vy, ..., v
are linearly independent of each other. In turn, the mutual linear in-
dependence of vy, ..., v, 1s a consequence of that of ¢;, ..., ¢,, pro-
vided that the operator A4 can be invertible. Indeed, if both parts of
the equality

n

T

Ii Oy = A, <é ckq’k) + 4,71 (Z ck%)
c=1

k=1 k=1

which follows from (1.7), are multi-
plied by A1A2, leading to
n n
A1A2<Z ckvk>=,4(2‘, ckcph.) (1.10)
k=1 k=1
and if we assume that it is possible to
find such non-simultaneously-vanishing
constants €1s soss Cp that
n
3 cyvy = 0,
Pl kR

then from (1.10) we obtain

Fig. 1.

n

. \
4 (,Zl ckq)k) =0, 2 P =0

k=1

in contradiction to the assumption concerning mutual linear independence

of §, vevy Py

The idea of the method of resolution can be realized in various ways,
depending on the nature of the problem. Sometimes, for instance, it
proves expedient to carry out an incomplete resolution, in the sense that
not all of the deviced new operators have to be of simple structure and
invertible in the process of solution. Several procedures of solution can
be obtained in cases of the kind in question. Take, for example, the
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problem considered and assume that the operator 4; is not to be inverted:
if the function fl(P) is prescribed in such a way that the function Ugpn
satisfies all boundary conditions, then the coefficients a, can be deter-
mined from the condition that Uy satisfies approximately the first of
Equations (1.3). Another possible way is to start directly from a func-
tion U1n satisfying some of the boundary conditions associated with the
operator Al, to construct fl(P) and uy,, and then to determine g, from
the condition of matching of u), and o, .

2. Resolution of the equilibrium equations for a shell element. Using
the principal curvature lines £, and £, of the middle surface of the
shell as coordinate lines (see figure) and considering a line element of
the shell extending in the direction of a fl-line with the boundary sur-
faces {, = const and £, + df, = const, we obtain the following system of
equations for the equilibrium of such an element:

LY O 2 BasMaa oy
a&l‘ +N125§_; —Ql-é_lg= — M2 (P1—41), ;§1 +M1@' = O30y
9axlV da dasM da
o5 — M g, = — (P — q) = g+ Mugg, + Quum = —aiom,
Ja Q o0 MI
; 6211 + N, .—;Tf=—a1az(Pn—qn), N12+—}?—2=1 2.1)

where a;, a, are Lamé parameters, while Rl, Rz are principal curvature
radii of the middle surface of the shell; Pys Pys Ppy 415 495 Gy, B1. By
are forces and moments directed along x, y, n and referred to unit middle
surface area; finally, the quantity 7 is the intensity per unit length

of opposite equal forces on OB and AC. The forces and moments gq;, gy, dns
T, Ry, my are external forces and moments with respect to the line ele-
ment along fl. but at the same time they represent the result of combined
action of forces and moments which are inner forces and moments on OB and
AC of the shell as a whole.On the other hand, the inner forces and moments
acting on 04 and BC will be external forces and moments with respect to
the line element along fz; their intensities are determined by the left-
hand sides of Equations (2.1); therefore the equilibrium equations for a
line element along a fz-line assume the form

6a,N21 (’7(12 aalM da
95, — Negy, =~ ~ 9, Y4 My a_g: + Qatsty = — a0amy
6d.1Ng aaz oy adlMgl a(lz
9E, + Ny ;;E — Qs R, alazq’, 9k, -+ M, 3_§—1 == ey
6a1Q2 o X1 7Y M
e Ve =, Mot g, =T 2.2)

Taking the algebraic sums of corresponding equations of the two
systems (2.1) and (2.2), we obtain the equilibrium equations of an
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element of the shell as a whole. Thus, having introduced the connecting
functions ¢;, g5, g,, 7, ®;, my (we shall call them forces of inter -
action), we were able to resolve the operators of the equilibrium equa-
tions in terms of partial derivatives into operators for separate coordi-
nates.

For the sake of definiteness we shall use the version of the shell
theory in Love’s form [ 2 ], which is not compulsory for carrying out
further considerations. Eliminating Q, and ¢, in (2.1), (2.2) and omit-
ting some terms within the limits of accepted degree of accuracy, we ob-
tain

83:;1\f1 ’.‘tl 1 6(121141
U‘Ex + Nyp o ag 7.?; agl = — )0 (Pr — q1}
das N oa
‘ng—m_nggi': — o0 (P2~ ¢2) (2.3)
_6_ doa My a (Mlz 6&1\ Q]& daqamy
8% o 08, 08 \ o OB/ =~ % (Pn = 9a) + o
dC(gM;g da
0@1 + M1 ag = Q1laMNy
and
6(11N21 012
agz Ay (T)g == — Q10sqy
a9 N-z da, 1 33!‘,1Mg
“‘é‘l‘g‘"‘ + Ny 3%, TR 08 — Gy%ags (2.4
a aale a3 Mgl aag 10g 6a1m2
OEs @s0F: 0% ( o2 6}:;1) + Ve R, = T %fn +oE, 982
a:thg] 8&2
agz 2@; = Olyllg/My

We have omitted here also the last equations of the systems (2.1),
(2.2), which with the assumptions introduced are equivalent to the con-
dition le =

The egquations obtained can be considered as equilibrium equations for
the separate curved bars extending along the fl— and fz-lines and of
width proportional to a, and a,, respectively. Along their lateral sur-
faces such bars are acted upon by forces and moments of intensities Nzl'
”21 and le, Mlz' which permit the moment equilibrium condition to be
satisfied with respect to the n-axis in the absence of bending with re-
spect to the same axis.

3. Resolution of the equations of the theory of shells, We shall
adhere to the principle that the resolved equations have to represent
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two systems of equations for the displacements and slope angles of the
two groups of line elements extending along 61 and 52, respectively. The
equations connecting the stress resultants with the strain components
and the strain components with the displacements shall be written in the
form [ 2 ]

EhR Eh
Ny = B(g; -+ ve, ), Nyp = Noy = Ly (B=1Mv2*'L=2(1+v)>
: ERS )
Mi::—-*D (Xi+VXk)v My =My=D( —v)y (\D == m) 3.2
1 Ou; w oo, w 1 08, 1 Oy

%= o 98, Tam, 05 Riv %T o og tagm, of, Uk

%y 1 dw (i:l,? )

Y=~ {1 4 naj, x=— {4 &) ;= E+&:5-£§z k=21
where
Fq Ou; 1 0, )
= — L et —— " )} = LB,
i (a}c Ty o 98 B i=1,2

| (im:) 62
p o _DA=—w 19 4 Wy D(L—v)
=TT (qkagk“‘aia,‘.agi k)=—7 27 @

while E is the modulus of elasticity, » is Poisson’s ratio, h is the
shell thickness, u;, u,, w are projections of displacement on the z-,

y-. n-axes, respectively. Assume first » = 0; then, expressing the stress
resultants in terms of displacements with the aid of Formulas (3.1),
(3.2) and substituting into Equations (2.3), (2.4), we obtain the follow-
ing two systems of equations for the two groups of line elements extend-
ing in the directions £, and £,, respectively:

da
Fyu xul(ll, uz(l)’ wil) .&2\1)} = — e (p1 — 1) + 5§_: 7
da ny
Fu[%u[u;n,wuhﬁgn]:~—aw2wy~qa4‘7%r 3.3
8(127711 a / I da;
Fis [u, ™, 2,00, 00, 0,0 = — sy (p, — q,) + Tog ggl.(.a_l d_§z>
R éclel ny 2
FM {ul(l), &2(1}, w(l), ﬁ‘gu)} == Rlanity ”é’g]', {31{1) = - z" , q’l{l) Bl 'l‘)’ f}
and . ) daing
Fy [ul(z), ug(Z)! w'?), ﬂ‘l(g)] = — j0laqy + ks
@ , @ L0 o 9% (3.4
F22{u1 *ug W ’ﬂ‘l ]:—“ala‘.Zq%‘%“éEn? )
. aa;mg J 1o Bag>
p {2} {2) ,,{2) @y il S Y St dac.
Fag {ul s W, W, '&1 ] == A9y, +- OEs 5(32((12 3&1)
5 dayly na 2
Fy [ul(g), u2(“), w®), ﬁ](Q)] == Gydgmy + b5, [32(2) =—7, cpz(z) =—p b
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We find on the left-hand sides of Equations (3.3) and (3.4) the quanti-
ties ny, 12, 94, and ny, 31, 2 , respectively, expressed by up, Uy, v
and by ¥: or ¥, . It is, furthermore, easy to conclude that the Flj(j =
1, 2, 3, 4) represent ordinary differential operators with respect to fl,
while the Fo;(j =1, 2, 3, 4) are such with respect to 52. Equations
(3.3) and (3.4) can be treated as equations for displacements and slope
angles, identified by corresponding subseripts, for the two groups of
line elements directed along 51 and 52. The quantities ¥:, 9, charac-
terize the rotation of the cross-section of the element, Bl, 62 indicate
the shear along the element, ¢;, ¢, give the shear across the element.

In order to achieve a complete resolution of the equations of the
theory of shells in the sense indicated above, four interaction terms,
namely ny, Ry, 11, 12, had to be introduced additionally; they can be
treated as intensities of oppositely equal forces and moments applied to
the lateral faces of the elements under consideration and combined, re-
spectively, to couples and bl-couples. There are altogether nine terms of
the kind just mentioned in (3.3), (8.4). Nine matching conditions are
necessary for the determination of those terms, and these conditions make
(3.3), (3.4) equivalent to the equations of the theory of shells. Such
conditions are

k) (k)

WD @ g0 2k 1 ou

! e : By ooy G,
ou B,

w® g g LT 1 T

z z ' @y 8 a0y OF; “k (i=1,2) (3.5)

89,%) P) k21

) — @ o) = 130 1 T w

! i oy 8L, ooy 0%, Kk

If expressions for the interaction forces and moments are given with
indefinite coefficients, then in solving (3.3), (3.4) these coefficients
can be chosen in such a manner as to have the conditions (3.5) satisfied
in some sense. Thus, the solution of the problem considered will be con-
structed by a direct method. It is usually convenient, and for a majority
of problems acceptable, to have the operators (3.3), (3.4) inverted along
separate lines £, = const, £, = const, and (3.5) satisfied at separate
points. In this procedure methods of structural mechanics can be used for
derivation of the solution of (3.3), (3.4), taking into account some
specific properties of (3.3), (3.4) such as absence of bending with re-
spect to the n-axis, torsion with a rigidity proportional to the moment
of inertia, presence of the last equations of the systems (3.3), (3.4),
ete.

1f, in the process of resolution of the original equations, the only
intention is to arrive at ordinary differential equations without having
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in mind the possibility of making use of the methods of structural
mechanics, then the number of interaction forces and moments in (3.3),
(3.4) can be reduced. Simple transformations permit the conclusion that

DA —w T ; =3.1
1 = _LZT_R_) 1+ 13 [, w0, wi), Gy0) (;‘=2,1) (3.6)

1
where the fi represent ordinary differential operators with respect to
fl and 52- respectively, for the quantities within the brackets. Making
use of (3.6) we can eliminate ll and 12 from (3.3), (3.4); this means
elimination of the last equations in the systems (3.3), (3.4) and of the
last two conditions of the system (3.5).

In the general case, when v # 0, the right-hand sides of the first
four equations in (3.3), (3.4) include additional interaction forces and

moments determined by the quantities Nlu' Mlv in (3.3) and N2v' sz in
(3.4) by means of the formulas
3.7)
oo, N, 1 Oq,M;, da,
-_v( F] — R "3 >, va—N. N. = (1)
& i & E i ( w = Bey, i=1.2)
a0 8 Ou M, da; M;, = — Dy,® (k=2.1
(TNt g e ) —vaMe
i i 008 Ex

These quantities characterize relative extension across an element
and relative change of angle between its lateral surfaces. For their de-
termination four additional matching conditions will be necessary in the
general case:

1 6ui(1) uk(z) da; wid . 1 aﬁi(i) 1

R .
5T e o

—_——

_r owm_t 9% i=1,2
a " OE, T RiT M a; O, +°‘i°‘k agk’ﬂkll (k=2,1) (3.8)

Resolution of the equations of the theory of shells into the systems
(3.3), (3.4) 1s accompanied by resolution of the boundary conditions.
The system (3.3) is to be supplemented by boundary conditions on the
sides §2 = const, the system (3.4) by boundary conditions on the sides

1 = const of the bounding contour. A specific scheme of support will
arise in this case when the line elements, separated from the shell, are
not in equilibrium under the action of the applied loads and support re-
actions. It then becomes necessary to prescribe for one end of the ele-
ment the slope angle and three displacements as indefinite parameters. As
a result, the quantities indicated will be determined from the equilib-
rium conditions of the line element considered.

Thus far we have considered the problem of the theory of shells in
terms of displacements. If the problem is formulated in terms of stress
resultants, it may prove expedient to use an incomplete resolution of
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the original equations, leaving the continuity equations for the strain
components of the middle surface of the shell | 3 ] unresolved. Then the
five interaction forces and moments, appearing in (2.3), (2.4), have to
be determined starting from an approximate fulfilment of the conditions
N, = Nél, M12 = M&l and of the three continuity equations for the strain
components [ 3 |; in addition, they have to satisfy all boundary condi-
tions.

4. Examples. 1. Plate in bending. Assuming @; = ay, = 1, R} = Ry = oo,
up = uy =0, & = x, {5 = y, we obtain from (3.3), (3.4) the following
system of equations for the two groups of rectilinear elements directed
along x and y:

Pt . dmy 32@9(1) m

R pralnl SR s vl TG T =M
o ” oz 2 (41)
o4 am @ 90, @)
A =I5y D= =m

where ny = ny = 0, while 11, 12 are eliminated on the basis of (3.6). The
number of interactions in (4.1) can be reduced to two, since from the
second equations of (4.1) it follows that an/ay = a.l/ax. The matching
conditions for (4.1) will be

3w(2) aw(na
w® — @, 0, = T 9,8 = e (4.2}

2. Circular cylindrical shell. Assuming a; =1, ay = a, Ry = oo,
Ry = a, fl = x, §2 =, u = u, u, = v, we obtain from (3.3), (3.4)

o2 o2 any
BSm=—(n—a) LagE =— 1+ oy
a2t ony B ( a2y gl ) D ( 8202} 8311)(2))
L =—(p— ) + 5 ad 7oy T Tap A\ Iy T e =
(CIR.C)

e omy D [e0®  gep® B (01} f__)-__ _ma g
D g =Pn—9) =3z » s\ T og% ) "7 \aop — @ )= I aop *.3)
D az{};l) ol D 32@1(2) ol
S g =mat gy T @y =™t ey

out) 00@

Wy T Lgg=—m
D 3\3\1(1) D 313,2(2)
Ty = e T am =k

It follows also that dm,/adi = dm;/dz, and it is sufficient to satis-
fy one of the conditions (3.5) with respect to &, , @, .

A study of (4.3) and of the assumptions representing the basis for
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the analysis of arch dams with the aid of arch cantilevers [4 ] leads
without difficulty to the conclusion that this kind of analysis reduces,
if the variation in the thickness of the dam is disregarded, to the so-
lution of (4.3) in connection with carrying out of the corresponding
matching at u; = ¢ = np = ny = 0 with 11, l, eliminated. Indeed, the
method of arch cantilevers is based upon subdivision of the dam into a
system of vertical cantilevers and horizontal circular arches. These
elements are subjected to external loads and internal interaction forces
and moments in such a way as to make their radial and tangential dis-
placements and their slope angles coincide. If u; = ¢; = ;) = ny = 0,
then the relations (4.3) become equations for the same displacements and
slope angles of the cantilevers and arches, while Equations (3.5) become
matching conditions and 995 Gp, My, My correspond to the internal inter-
action forces and moments of the method of arch cantilever.
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